Abstract. Let a, b, c and d be functions in L 2 = L 2 (T, dθ/2π), where T denotes the unit circle. Let P denote the set of all trigonometric polynomials. Suppose the singular integral operators A and B are defined by A = aP + bQ and B = cP + dQ on P, where P is an analytic projection and Q = I − P is a co-analytic projection. In this paper, we use the Helson-Szegő type set (HS)(r) to establish the condition of a, b, c and d satisfying Af 2 ≥ Bf 2 for all f in P. If a, b, c and d are bounded measurable functions, then A and B are bounded operators, and this is equivalent to that B is majorized by A on L 2 , i.e., A * A ≥ B * B on L 2 . Applications are then presented for the majorization of singular integral operators on weighted L 2 spaces, and for the normal singular integral operators aP + bQ on L 2 when a − b is a complex constant.
Introduction
Let m denote the normalized Lebesgue measure dθ/2π on the unit circle T = {|z| = 1}. For 0 < p ≤ ∞, L p = L p (T, m) denotes the usual Lebesgue space on
T and H p denotes the usual Hardy space on T. Let S be the singular integral operator defined by (Sf )(ζ) = 1 πi T f (η) η − ζ dη (a.e.ζ ∈ T)
where the integral is understood in the sense of Cauchy's principal value (cf. [6] , Vol. 1, p.12). If f is in L 1 then (Sf )(ζ) exists for almost all ζ on T. Let P = (I + S)/2 and Q = (I − S)/2, where I denotes the identity operator. Then P z n = 0 if n < 0, and P z n = z n if n ≥ 0. P is said to be an analytic projection or the Riesz projection. Let P 1 = span{z n : n ≥ 0} be the set of analytic polynomials, and let P 2 = zP 1 = span{z n : n < 0}. Then Q = I − P , P (f 1 + f 2 ) = f 1 and Q(f 1 + f 2 ) = f 2 for all f 1 ∈ P 1 and f 2 ∈ P 2 . Q is said to be a co-analytic projection. Let α, β ∈ L ∞ , and W is a nonnegative function in L 1 . In [8] and [16] , the condition of α, β and W such that αP + βQ is contractive was given. In [9] , the conditions of α, β and W such that αP + βQ is bounded and bounded below was given. In [10] and [11] , for α, β ∈ L ∞ , the norm formula of αP + βQ on the weighted L 2 space was given. In [10] , [11] and [16] (HS)(r) = {γe u+ṽ ; γ is a positive constant, u, v are real functions,
In [9] , we defined the another Helson-Szegő type set which is similar to HS(r). We use HS(r) to study the majorization of singular integral operators.
Lemma 2.2. Let W be a non-negative function in L 1 , and let φ be a function in L 1 . Suppose |φ| ≥ W and
Proof. (1) For all f 1 ∈ P 1 and f 2 ∈ P 2 , 
This implies (1). This completes the proof.
and so (1) holds without the condition (2).
Then the following conditions (1) and (2) are equivalent.
(1) For all f in P,
(2) |a| ≥ |c|, |b| ≥ |d|, and either (a) or (b) holds.
, and there is a V in (HS)(r) such that (ab − cd)/V is in H 1/2 , where r = |ad − bc|/|ab − cd|.
Proof. (1) implies that
, and let φ = ab − cd. Then W 1 , W 2 are real functions in L 1 , and φ is a function in L 1 such that for all f 1 ∈ P 1 and f 2 ∈ P 2 ,
This is equivalent to the condition (1) of Theorem 2.4. Since |φ| 2 − W 1 W 2 = |ad − bc| 2 and
this theorem follows from Lemma 2.3. This completes the proof.
Remark B. For a function r satisfying 0 ≤ r ≤ 1 and
Proof. Let a = b = √ W , c = r √ W and d = 0. By Theorem 2.4, W/V ∈ H 1/2 . By Neuwirth-Newman's theorem (cf. [14] , p.79), W/V is a constant, so W ∈ (HS)(r). The converse is also true.
, and there is a V in (HS)(r) such that (ab − cd)W/V is in H 1/2 , where r = |ad − bc|/|ab − cd|.
Proof. Suppose (1) holds and (a) of (2) does not hold. Let
for all f in P. By Theorem 2.4, this implies that log (2) holds, so (1) implies (2) . The converse is also true.
be the weighted Lebesgue space with the norm
Applications of Theorem 2.4
The equivalence of (1) and (3) of the following corollary is Widom-DevinatzRochberg's theorem (cf. [1] , [7] , [6] , [13] , p.250, [15] , p.93). Nakazi [7] removed the condition W ∈ (HS) and established the condition of α satisfying
for all f ∈ P.
Corollary 3.1. ( [7] ) Let W be in (HS) and let α be in L ∞ . Then the following are equivalent.
and there is an inner function q and a real function t ∈ L 1 such that α/|α| = qe it and W e −t ∈ (HS).
Proof. By (1), there is a constant ε > 0 such that
By Theorem 2.4, |a| ≥ |c|, so P W |α| ≥ ε > 0, and
, there is a V in (HS)(r) such that P 2 W αW/V = (ab − cd)/V is in H 1/2 . Since V ∈ (HS)(r), V = γe u+ṽ , where u and v are real functions such that u ∈ L 1 , v ∈ L ∞ , |v| ≤ π/2, and r 2 e u + e −u ≤ 2 cos v. Since r −1 ∈ L ∞ , u ∈ L ∞ and v ∞ < π/2, so V ∈ (HS). This implies (2) . The converse is also true. Suppose (2) holds. Since αW/V ∈ H 1/2 , there is an inner function q and real function t ∈ L 1 such that αW/V = qe t+it . Thus α/|α| = qe it and W e −t = V /|α| ∈ (HS). This implies (3). The converse is also true. This completes the proof.
The following corollary is the Feldman-Krupnik-Markus theorem ( [6] , Vol. 2, p.213, Theorem 5.1, and p.215, Lemma 5.3). αP + βQ W and P W denote the operator norms of each operators on L 2 (W ). In [11] , this theorem was generalized to the case when α and β are functions in L ∞ . 
